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Abstract—The stability of a vertical cylindrical column of water with the horizontal bottom boundary
maintained at 0°C and the temperature of the top boundary varying between 4 and 8°C is considered. A
weakly non-linear analysis shows that the bifurcation is either supercritical or subcritical depending upon
the values of two parameters: the aspect ratio of the cylinder (height/radius) which is varied between 2
and 4, and the penetration parameter u defined as the ratio of the whole height over the height of the 4°C
isotherm. For a given value of the aspect ratio, the bifurcation is supercritical when the whole height is
unstable (u = 1) and becomes subcritical above a particular value of y when penetration occurs (u > 1).

1. INTRODUCTION

PENETRATIVE convection occurs when an unstably
stratified layer of fluid is bounded either above or
below by a stably stratified layer. This arises when
considering the melting of an ice layer or the freezing
of a water layer. Because of the density maximum of
water near 4°C, the water below the 4°C isotherm is
unstable. The onset of convection in a horizontal
water layer near its density extremum has been widely
studied. Veronis [1] considered the temperature range
from 0 to 8°C where the equation of state is accurately
approximated by a parabolic density-temperature
relation. Merker er al. [2] assuming a fifth-order poly-
nomial for the density—temperature relation showed
that the critical Rayleigh numbers calculated with the
simple parabolic relation are about 10% too large.
Gebhart and Mollendorf [3] have also developed a
density—temperature relation valid for both pure and
saline water.

Thermal instability in a fluid with a non-linear den-
sity profile arises in many fields of geophysical fluid
dynamics. It takes place in the earth’s mantle, its
atmosphere, lakes and oceans. It also occurs in the
outer layer of the sun. Recently, as a model of pene-
trative convection appropriate to geophysical appli-
cations, Matthews [4] analysed the stability of a cubic
temperature profile. He showed, using a weakly non-
linear analysis, that the bifurcation is supercritical,
this result being in contrast with the subcritical bifur-
cation found earlier by Veronis [1] for water between 0
and 8°C. This leads him to distinguish between a non-
linear density profile produced by a non-linear equa-
tion of state with a linear temperature profile, and a
non-linear density profile produced by a linear equation
of state with a non-linear temperature profile. How-
ever, this difference cannot be a sufficient criterion
to determine a priori the nature of the bifurcation.

Transition to finite amplitude convection also
appears as a result of numerical calculations achieved
for the ice-water system confined between free upper
and lower surfaces of infinite horizontal extent [S,
6]. When the fluid is bounded by no-slip horizontal
surfaces with a fixed-heat-flux thermal boundary con-
dition, Roberts [7] has shown that simplifications
occur in the analytical treatment enabling predictions
to be made about the extent of subcriticality.

An hysteretic transition near the critical Rayleigh
number has been observed in experiments with liquid
helium which has a density maximum just above the
superfluid transition temperature [8].

The aim of the present analysis is to reconsider
the ice-water system where a subcritical bifurcation
is expected for water between 0 and 8°C [1]. By varying
the temperature of the horizontal top boundary from
4 to 8°C it will be shown that the bifurcation can be
either supercritical or subcritical following the relative
height of the unstable layer. We have considered a
vertical cylindrical column of water because exper-
iments have already been performed in this geometry
[9, 10] and to see how finite size effects affect the
nature of the bifurcation. Moreover, in this geometry
the horizontal structure of the convective flow can be
considerably simplified by a suitable choice of the
lateral vertical boundary conditions that determine
the horizontal wave numbers (radial and azimuthal).
Therefore, in determining the onset of convection we
avoid minimization of the Rayleigh number with
respect to the horizontal wave number.

2. FORMULATION OF THE PROBLEM

Consider a vertical cylinder of radius R and height
h filled with water. The top and bottom horizontal
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NOMENCLATURE
a, integral of product of three Bessel AT temperature difference between T,
functions and T,
d height of maximum density u convective velocity, (u, v, w)
dy; coefficients in the denominator of the U, nth term in the perturbative expansion
expression for R, of velocity
D derivative with respect to the vertical X new variable proportional to the
variable, d/d:= radial variable
e unit vector in the upward vertical X, X* vertical profile of the temperature and
direction its adjoint
F combination of the double products Y,Y*  vertical profile of the velocity
of Bessel functions potential and its adjoint
g acceleration due to gravity Z Laplacian of Y.
h height of the cylinder
convective pressure
P p Greek symbols
J, Bessel function of order n & A . .
K radial wave number %, a4} volume integrals of the non-linear
" angular wave number B :::;Trf;ajl :x 1 ision coefficient
re,:z cylindrical polar coordinates (radial, - . cXPp )
azimuthal, vertical) d differential operator
. ’ . A i aci
R radius of the cylinder H horizontal Laplacian
. £ expansion parameter
Ra Rayleigh number 0 convective temperature
Ra'™"  critical Rayleigh number of the nth . p .
. . . o, nth term in the expansion of
azimuthal mode and ith vertical e e
mode - ’/\ ;rslez:r:tarla(i:gl;s; ‘;;:t}:l cylinder. A/R
R, second term in the e-expaiision of the ’ p . y -
Rayleigh number u penetration parameter, h . d
i) h . . v kinematic viscosity
RY) coefficients in the polynomial - Prandtl number. v/x
expansion of R, in inverse power of o velocity poten tia;l
the Prandtl number, j = 1,3 y p .
. time P, ath term in the expansion of ¢
T temperature Q(z) linear function of .
T,.T, temperature at the bottom and the top
of the cylinder Other symbol
T temperature of maximum density \% gradient.

boundaries are held at different temperatures, T, and
T,. The physical situation to be described corresponds
toT,=0°Cand 8°C 2 T, 2 T,,. In this range of tem-
perature the viscosity v and the thermal diffusivity «
are assumed to be constant. The density p is a quad-
ratic function of the temperature

p = pull =B(T—-T,)’).

The temperature T, for which the density maximum
occurs is located at a height d with 0 < d < k. Then
the temperature distribution in the conductive state is

T=T0+(T,,,——T0)2, 0<z<h )

Also we shall denote by AT the temperature difference
T..— T,. In a vertical cylinder it is convenient to use
R as a length scale and AT(R/d) as a temperature
scale. Nondimensionalizing the velocity with x/R and
the time with R7%/x, the equations for the perturbed

velocity u = (u,r,w), pressure p and temperature ¢
become

1(¢ ‘ ,
—(C.—u +u-Vu> = —Vp+Ra <E.z—1>9e+V"u )
o\ ét A

(i—o +u-V9>= Vi —w 3)
ct

where e is the unit vector in the upward z-direction,
6 = v/ is the Prandtl number and Ra the Rayleigh
number given by

2 p4
Ra=PAT R @)
ved

In the definition above the Rayleigh number is con-
structed with the height of the unstable part [1] rather
than with the height of the cylinder [2]. Due to the
finite geometry and the density anomaly, two other
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parameters are required to describe the convective
state : the aspect ratio 4 = h/R and p = h/d.

We assume that the top and bottom horizontal
boundaries are isothermal and rigid surfaces, leading
to the boundary conditions

f=u=v=w=0o0nz=0,4 0gr<l. (5

The lateral boundary is assumed to be a perfectly
insulating surface on which the tangential vorticity is
zero. The resulting boundary conditions are

c6 il Gw
__=u=__£r_vl=c~vr=0 onr=1,

- - -

<< i
6)

Following Rosenblat [11] these boundary conditions
have been chosen in order to simplify the math-
ematical analysis and they seem satisfactory to pro-
vide a qualitative interpretation of the realistic physi-
cal behaviour,

3. LINEAR STABILITY

Assuming the validity of the principle of exchange
of stabilities, the linearization of system (2) and (3) is
obtained by setting the right-hand sides equal to zero.
As a result we obtain

- -

0= —Vp+Ra(€l:z-—l)9e+V3u e

0=Vi0—w. ®)

Boundary conditions (6) allow the search for solu-
tions with no vertical vorticity. Thus we introduce the
velocity potential ¢ such that u = V x V x ¢e. More-
over, separation of variables is possible and we put

#(r, ¢,2) = cosnp J(kr) Y (z) ®
0(r, 0,2} = cosnep J (k) X(2) (10)

where n =0, 1, 2,... is the azimuthal wave number,
J, the Bessel function of order n, and k& is determined
from the equation J (k) = 0. Since we are interested
in cylinders with an aspect ratio 4 > 1 the radial struc-
ture of the critical mode is expected to be that cor-
responding to the first positive zero of J;, as it occurs
when convection takes place in the whole height.

Acting with -V x Vx on equation (7) the system
{(7) and (8) reduces to a pair of ordinary differential
equations

(Dz-—kl)zY--Ra(g:—l)X:: 0 (n
D2 —kHX—kY =0 (12)

subject to the boundary conditions
Y=DY=X=0 at z=0,4 (13)

where D = d/d=. The system of equations (11)-(13)
was integrated numerically using a fourth-order
Runge-Kutta method which was described in a pre-
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viotis paper [10]. Non-trivial solutions exist for certain
values of the Rayleigh number Ra™", where n char-
acterizes the horizontal structure (both azimuthal and
radial) and i the vertical structure. The results for
different values of u and i (Tables i-3), show that
the critical mode always corresponds to an azimuthal
number n = | associated with a radial wave number
k, = 1.841. The vertical structure of the critical mode
(i = 1) is made of one principal cell with sometimes a
small counter cell in the upper part of the cylinder
when u > 1.5 (Figs. 1 and 2). To each eigenvalue
Ra™" corresponds an eigenvector (Y,,, X)) and conse-
quently the three components of velocity and tem-
perature are written as follows:

Uy = kO3 1 Jo(k, DY, ()
—nsinne J (k) )DY,{2)
Wy = ki cos n@ J (k) Y,(2)
8, = cosng J,(k,r) X,(z).

It has already been shown [10] that for large values
of the aspect ratio {4 — o), an asymptotic form of
the vertical profiles ¥,(2) and X,{(-) can be found in
terms of Airy functions.

i

2]
Uni

]

Table {. Critical values of the Rayleigh number Ra™? as a
function of g for the angular modes # = 1,2,0 and the first
three vertical modes § = 1,2, 3. The value of the aspect ratio

isd=2
I i Ra(l.i) Ra(l.i) Ra(O.H
I I 119.26 216.63 376.03
2 1233.44 1461.13
3 5730.88 3401.98
L1 1 121.95 237.93 410.17
2 1427.89 1686.84
3 6863.81 6460.05
1.2 ! 136.26 263.18 449.51
2 1762.72 1996.33
3 8739.01 §157.36
2 1 588.38 748.61 1049.78
2 12976.58 11566.75

Table 2. Critical values of the Rayleigh number Ra"" as a
function of u for the angular modes n = 1, 2,0 and the first
three vertical modes i = 1,2, 3. The value of the aspect ratio

isd=3
B i Rdt 141 Ra(:.i) Ram.:')
1 1 35.03 123.86 253.05
2 370.54 583.39
3 1126.32 1391.42
1.2 i 4277 145.54 290.00
2 499.27 763.82
3 1681.11 2027.81
1.4 i 54.09 172.60 333.02
2 720.99 1031.91
3 2933.93 3226.49
2 { 133.08 295.55 507.66
2 2287.60 2611.31
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Table 3. Critical values of the Rayleigh number Ra"" as a 4. NON-LINEAR ANALYSIS
function of u for the angular modes n = 1,2.0 and the first
three vertical modes i = 1, 2. 3. The value of the aspect ratio When the solutions of the linear problem cannot be
isi=4 expressed in terms of analytical functions, the non-
u ; Ra'™ R R0 linear problem can always be solved by a standard
perturbation method. Nevertheless a Galerkin pro-
( 1 21.14 97.86 211.40 cedure is sometimes preferred [11]. The selection of a
2 213.28 389-8Z minimal set of modes as a basis of the expansion in
3 479.06 722.62 the Galerkin formulation is rather arbitrary and we
1.2 é 25.36 ;_’]L-”g 235.01 choose to present the perturbation method, though
3 693-(5)1 gggg?, in our case both methods give identical results. The
14 ) 31.04 126.91 261.02 unknown functions are expanded in power series as
2 367.05 606.41 - Wt eUat - 14
3 1073.88  1419.73 u=oUi+eUsteUs+ (19
1.6 1 38.62 144.69 289.76 0=e0,+60,+6'0;+ (15)
2 490.32 760.68
3 1663.25 2020.55 ¢ = el +62D,+° 0+ - (16)
1.8 1 48.55 165.06 321.63 (2 ip 4
2 655.97 956.29 Ra=Ra"’+eRy+e"Rat (17m
3 2552.89 2872.74 here U 40 0 luti
2 I 61.25 188.47 35706 Where Uy = (w00, W) and ©, = 6, are solutions
5 878.10 1204.42 of the linear problem corresponding to the critical
3 3871.32 4070.27 Rayleigh number Ra'*". In the Rayleigh number
expansion the term proportional to ¢ has been omitted
1.2 2
1,0 4
0.8 1 1
_ 05
> 0] g o
02 : 1
0.0 4
-0.2 —r T T T -2 T T T T
0.0 0.2 6.4 0.6 0.8 1.0 0,0 0.2 0,4 0.6 0.8 1.0
k4 4
(a) (b)
FiG. 1. Eigenfunctions Y,(z) for the aspect ratio Ai=2. (@) n=1,i=1: —— p=1;, —@— u=2
bBypu=1l:—n=2,i=1;,—@— n=2,i=2.
12 1.2
1,0 1.0
0,8 08 -
0.6 0,6
= 0.4 4 g 04 4
024 0.2 4
00 4 0,0 j ]
-0.2 T T T ™ -0,2 T T T T
0,0 0,2 0,4 0,6 0.8 1.0 0,0 9,2 0,4 0,6 c.8 1,0
z z
(a) (b}
FiG. 2. Eigenfunctions Y,,(z) for the aspect ratio A=4. (@) n=1: —, p=1; —@—, p=135;

—QO— u=2.)n=21——p=1;—@— =15 —0— p=2
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because a transcritical bifurcation is excluded when
the critical mode is the diametrically antisymmetrical
one (n = 1). In Marangoni convection Rosenblat ez
al. [12] have shown that a transcritical bifurcation is
expected when the critical mode is the axisymmetrical
one (n=0). In cylindrical geometry, the angular
mode n = 0 has the same behaviour as the hexagonal
pattern in an infinite horizontal layer. A summary of
the principal types of bifurcation can be found in
the paper by Benjamin {13]. The expansions above,
equations (14)-(17), are substituted into the non-lin-
ear system

é&-(u-V)u = v‘AH¢—Ra(‘7‘z— I)AHO (18)

vVl =VH—w (19)

obtained from equations (2) and (3) by taking
e*(VxVx) of equation (2) and where § = Vx V xe.
For each equation the coefficient of each power of ¢
must vanish. At second order this gives

1
=3 (U MU, = V“AHd)z—Ra“‘”(%z— 1)AH®2
(20)
U, VO, = V20, + A0, Q1

where Ay is the horizontal Laplacian i polar
coordinates

1¢ 6 1 8
AH=;6—"7‘5;+"7W, (22)
Explicit expressions of the non-linear terms on the
left-hand side of equations (20) and (21) are given
in the Appendix. They are composed of two different
azimuthal contributions corresponding respectively to
the angular modes n = 0 and 2. This suggests the need
to look for approximate solutions of equations (20)

and (21) in the form

N
@, = cos2¢ J,(kor) Z Ay Y%u(2)

i=1

+Jo(kor) Zl Au(2)Yo(2) (23)

N
0, =cos2¢J,(k,r) ¥ Ay X5(2)

i=1
N
+Jo(kor) z ApXoi(2) (24)
i=1

with k, = 3.054 and k, = 3.832.

The coefficients 4, and 4, are determined using a
Galerkin procedure and at this stage of the calculation
the perturbative expansion technique becomes equi-
valent to a Galerkin method with the set of selected

modes
S={11,2i0i}, i=1,...,N.

Using symmetry arguments it is sometimes possible
to reduce the number of vertical modes to either i = 2
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[1f] 6t 1 {12]. In the present case it will be shown
that at least two modes are necessary to get accurate
results.

Since the linear problem (11)-(13) is not selfadjoint
we need the solutions Y% and X% of the adjoint
problem

(D*=kH)*Y*+X*=0 (25)

(Dz—kz)X*-t-Rakl(%z— 1))’* =0 (26)

Y*=DY*=X*=0 at z=0,. (27)

This system is integrated numerically using a Runge-—
Kutta method. Multiplying equations (20) and (21)
by the adjoint eigenfunctions (¢¥, 8%) for respectively
n=0,2 and integrating over the volume of the cyl-
inder we find that

—kd,(Ra""— Ra" ") A,, =
1
<; :,6-(Ul-V)U.+0:,-(U1-V)e.> (28)

where
d,; = {2 2)0,- (29)

To simplify we have introduced the notation
Q(z) = (uz/~—1). The angular brackets denote inte-
gration over the volume 0<r<1, 0< o <2n,
0 < z < 4. It is convenient to introduce the following
quantities :

) 1
ay = <; :5.(“ll'v)ull+6:i(ull'v)6||>~,

n=0,2, (30)

which involve calculation of radial and vertical inte-
grals reported in the Appendix.
At third order in ¢, the equations are

i=1,....N

%5'[(U. *V)U2+ Uz MU+ RAQ(ALO,

= V‘AH‘DJ—Ra(L”Q(:)AHO3 (31)
U, V)0,+(U,'V)O, = VO, +A,0;. (32)

The solvability conditions leads to the following
expression for R,:

1
kid\ R, = ;<¢T|5' [(U,- VU, +U,-V)U >

+ON[(U,- V)9, +(U,- V)0 )> (33)

or
N ~
k%dllRZ = Z Aor“‘o“"‘ z A:ﬂ‘:i) (34)
i=1 i=1
where
. 1
a¥ = ; (P18 [(uy " VIu,+ (uy, - Vuy, ]
+<0%[(uy;* V)0, +(u, - V)6\]D, n=0,2 (35)
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1ACLON2EeS 1 radidar ana vertica: HHICRETALy ad 310wn In
the Appendix. Finally R, is expressed as the sum of
N contributions
- k%d. L do,-k(:) (Ra‘o'"—Ra“'“)
| allal)
+ 2 0.4} (LD (36)
k3ds, (Ra'™ — Ra'"My

Similar expressions have been derived previously also
for fluid in a circular cylinder but with different sym-
metrical properties than in the present case. Rosenblat
{11] considered ordinary liquid with a linear state
equation and free upper and lower horizontal
surfaces. In this physical situation it can be shown
that: 2V = all! = 0, «/? = —a'P (# =0,2) as men-
tioned in the Appendix. Since Ra™? > Ra'"" and
d,; >0 it was found that R, > 0 leads to a super-
critical bifurcation. This is the expected result when
reflection symmetry with respect to the mid-height is
present. Rosenblat er al. [12] examined also the case
of Marangoni convection where the reflection sym-
metry is broken but they conclude that even in that
case the bifurcation is supercritical for all Prandtl
numbers. The principal difference with the present
analysis is that previous works dealt with the case of
moderate aspect ratio (R > h) while we are dealing
with the opposite limit (A > R). Thereforé, in the
Galerkin formulation they considered a minimal set
of modes with an elementary vertical structure cor-
responding to /=1 in the non-symmetrical case or
i =12 in the symmetrical case. Here we need to con-
sider both the contributions due to i = 1 and 2. This
is partially due to the fact that when the aspect ratio
increases, the Rayleigh numbers at which two suc-
cessive vertical modes destabilize become closer
{Tables 1-3) and the term {Ra™"—Ra'*") in the
denominator of expression (37) can no longer act as
a damping factor when /> 1. When there is no
reflection symmetry and for moderate aspect ratio
Rosenblat er af. [12] calculated the contribution to
R, due to the first excited vertical mode (i = 1) and
neglected the contribution of modes / 2 2. For large
aspect ratio this approximation fails and we will see
in the next section that the contribution due to i =2
is greater than that due to i = L.

5. NATURE OF THE BIFURCATION

In this section we present the results of the cal-
culation of R, for three specific values of the aspect
ratio 4 = 2, 3,4. We can write R. as a function of the
Prandtl number ¢

= X R&%+

1
RO+ =R

1
[ o

1 37

7
T

5.1. Bifurcation at i =2
Inspection of Table 4 where the values of RY),
R% and RYY have been reported shows that the

C. NORMAND

£ D(“ o, D

Yo R5) and RY) for the aspect

~ )
of 2
ratio 4 = 2 and difTerent values of g

u i R RY R:

1 1 -0.727 0.421 —0.047
2 1.012 3.018 1.802
3 —-0.013 0.079 0.029

L1 [ - L.151 0.663 -0.074
2 113 3.265 1.932
3 0.010 0.145 0.054

1.2 l -1.829 1.055 -0.119
2 1.292 3538 2.062
3 0.010 0.276 0.099

L5 t —7.832 4.522 ~0.528
2 1.509 4.057 2.058
3 0.253 0.729 0.190

coefficients RY} take positive values and that the con-
tribution corresponding to i = 2 is larger than that
corresponding to { = | for small values of u while the
contrary is true for z# > 1.5. The contribution of the
third vertical mode {/ = 3) being an order of mag-
nitude lower than the leading one will not be con-
sidered in the following. The major contribution to
R4, comes from i = 2, the smaller contributions from
i =1 and 3 being nearly equal and of opposite sign.
On Fig. | we have drawn the function Y,(z) which is
directly related to the vertical velocity profile and one
can see that ¥, reaches its maximum value near the
mid-height of the cylinder while Y,. changes its sign
at nearly the same point. Therefore, symmetry with
respect to the mid-height of the cylinder is not com-
pletely lost when a non-linear equation of state is used.
This could explain why the major contribution to
RY} and RY} comes from i = 2 like that for ordinary
fluids [11]. The behaviour of the term independent of
the Prandtl number is quite different since the two
contributions R‘ Y and R} have opposite sign with
RYY < 0and R} > 0. For u=1,|R3 < RS lead-
ingtoR, >0 and thus the bifurcation is supercritical.
For p > 1.1, |RY > RYY and thus

i

I
Ry = Ry+ =Ry + 3R (38)
¢ G

with R., < 0. This means that for Prandtl numbers
such that
2R,

o> — = (39
—Ry +y (R3+4R | Ro)

the bifurcation is subcritical.

5.2. Bifurcationat . =3 and 4

Inspection of Tables 5 and 6 shows that most of
the remarks valid for 4 = 2 remain qualitatively true
for larger aspect ratios. Now the value of p at which
the coefficient Ry, changesitssignis : 1.20 < < 1.25
for 2 =3 and 1.3 < < 1.4 for 4 =4. The vertical
profiles Y,,(z) are drawn in Fig. 2 for the angular
modes # = 1, 2. As p increases from 1 to 2 we observe
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Table 5. Numerical values of RY), RY} and RY)}, for the aspect
ratio 4 = 3 and different vaiues of u

» i RY RY, RY,
1 l —0.247 0.166 0.012
2 0.430 1.335 0.614
L1 1 —0.368 0.242 0.016
2 0.486 1.397 0.634
1.2 1 —0.540 0.347 0.019
2 0.547 1.461 0.648
1.25 1 —0.630 0.413 0.020
2 0.577 1.492 0.653
1.4 1 —1L.19 0.682 0.015
2 0.648 1.589 0.651
2 1 —6.767 33 0.353
2 0.920 3.094 1.001

Table 6. Numerical values of RY}, RY} and RY, for the aspect
ratio 4 = 4 and different values of p

ko0 R% RY RS
i i -0.166 0.162 0.029
2 0.311 0.842 0.333
12 | —0.306 0.268 0.042
2 0.374 0.891 0.341
1.4 1 —0.517 0.407 0.050
2 0.436 0.985 0.358
16 1 —0.824 0.582 B.048
2 0.503 1.154 0.398
1.8 1 —1.245 0.803 0.034
2 0.583 1.397 0.466
2.0 1 —1.831 1.102 0.042
2 0.672 1.691 0.555

that the convection tends to be stronger in the lower
part of the cylinder and even for u = 2 a weak sec-
ondary cell appears in the upper part. The presence
of a small counter cell has aiready been quoted in
infinite horizontal layers of water when u > 2 [, 5,
6).

In the extended horizontal ice-water system, non-
linear computations [5] indicate that convection first
appears at finite amplitude for a value of the pene-
tration parameter around u = 1.8. The precise value
of p could be determined as a function of the Prandt!
number by the same kind of analysis developed in
the present work, allowing a comparison with the
carefully controlled experiments carried out in liquid
hefium (8].

To illustrate our results we have reported in Table
7 the value of R, for some values of 7 and z and two
particular Prandt! numbers corresponding to water
(¢ = 7) and 10 liquid helium (¢ = 0.78). In the range
of values of y considered (i < 2) we observe a change
of sign of R, for all of the aspect ratios A = 2, 3, 4 in
the case of water. For liquid helium the transition
between super- and subcriticality occurs for a higher
value of the penetration parameter x4 and even for
A=2,3and p = 2 it has not been reached.
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Table 7. Values of R, as a function of 4 and p, for two
particular Prandtl numbers corresponding to water (¢ =7)
and liquid helium (¢ = 0.78)

A H Ry(H.0) R z(JHC)
2 1.2 0.21 9.07
1.5 -4.70 8.69
20 -98.26 —14.18
3 1.2 031 3.63
1.4 ~0.018 3.98
2.0 —4.88 394
4 1.4 0.18 2.56
1.6 0.03 292
1.8 -0.205 337
20 —(.64 3.26

6. DISCUSSION

The major result of this work is to show that occur-
rence of subcritical bifurcation is not exclusively
caused by the use of a non-linear equation of state as
pointed out in ref. [4]. In a cylindrical column of
water in the range of temperature where a parabolic
equation of state holds, we have shown that the bifur-
cation is always supercritical when the whole height of
water is unstable (no penetrative convection). When
there is penetration, the bifurcation can be subcritical
if the depth of the stable layer lying above the 4°C
isotherm exceeds a certain value which depends upon
the aspect ratio of the cylinder. The vanishing of the
first coefficient in the expansion of bifurcation pa-
rameter (equation (17)) also occurs in the Taylor-
Couette problem for which the following term in the
expansion has been computed recently in the degener-
ate case {14]. Azouni [9] reported on the existence of
an hysteresis loop associated with an inverted bifur-
cation for experiments in a cylindrical water layer of
aspect ratio /. =~ 4.5 with the top boundary maintained
at 4°C. This result is surprising since in our theoretical
model we found a normal bifurcation when the whole
height is unstable, in agreement with previous studies
in different geometry. This discrepancy can be attri-
buted to the experimental difficulty in establishing a
uniform linear temperature gradient along the whole
height of a tall cylinder.

Acknowledgements—I am grateful to A. Azouni for com-
municating her experimental results and for many dis-
cussions on the subject.
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APPENDIX

Calculation of 2} (n = 0,2)
Setting x, = k,r we first establish the following results:

(0, -V, = %[kfjf(-\’l)YlDX|+F+(-V|)X|DY1]

cos2¢p

T3

[kiJi(x) Y\ DX, +F_(x)X, DY} (AD)

i ki,
& (u *Vu, = EAD[?IJT(xI)D(YIZI)+F+(xl)zlDYI}

cos 2¢
2

2
Az[%'-Jf(-n)D(lel) +F_(x)Z, DYl] (A2)

where we have introduced the following notations:

Z,= (D—kDY, (A3)
2 2
Fi(x,)=‘ajé(rx') ijlr(-z‘fl) (Ad)
A=t e n (A5)
ror cr re

After multiplying equation (A1) by 8% and equation (A2) by
¢ and integrating over the volume of the cylinder one sees

C. NORMAND

that integration over the radial variable involves two elemen-
tary integrals
!
a, =J Jk.r) itk ryrdr, n=0.2. (A6)
0

After addition of the contributions from equations (A1) and
(A2) the quantity «;} defined in equation (30) becomes

; K
Y — %{[kfx, Y,DYi+ 21X, DY.X,::]

5 [ 5 — SO < W
+;"|:—2-'Y.Z.DY:,-—(k;-?)Z.DY.Y,::I} (A7)

where the overbar means integration over the vertical
variable.
Calculation of 13!

At third order in ¢ the resonance terms in heat advection
are

(u "N, +(u, V)8,
2
= mcos (p[.l.(x,)./,,(x,,)(kf YI DX,,,-
+k1 Y, DX )+ F(r)(X, DY+ X,DY,)]
where we have introduced the following notations :
¢J1(x;) J(xo)
or ér
¢Jy(xy) ¢J3(x,) +.,J|(-\'1 )1 (xs)
cr or - re ’

(A8)

Fio(r) =

(A9)

Fia(r) =

(A10)

The resonant terms in momentum advection are
O [(uyy* Vu,+(u,- Vu, ]
= ﬁ;cos @ kikID(Y YDA (Ji(xM(x,)
+D(Y, Y+ Y Y ) (x ) (x))
= F(NkiD(Y Y ) +5D(YTY)]
—(Z,DY,+Z,DY)AF.(n}. (All)

After multiplying equation (A8) by 8%, and equation (All)
by ¢1, and integrating over the volume of the cylinder one

obtains
o= 2% )| 12 XFT DX,
" 2+4n "

k:
+ 7" (X,\DY*X,+ Y (X*DX, - X, DX,‘))}

k: k2
+ —"[7'(Y.*Z.DYM-+ Z(Y!DY,~T\DY?)

a
y ko=
“(kl“‘2“>szY|‘Yn.:I}. (A12)

Comparison of expressions (A7) and (A12) shows that when
the linear differential system is selfadjoint the quantities a!

and 2’ have opposite sign.

TRANSITION ENTRE BIFURCATION SUPERCRITIQUE ET SOUSCRITIQUE EN
CONVECTION PENETRANTE DANS UN CYLINDRE VERTICAL

Résumé—On considére la stabilité d’une colonne d’eau dans un cylindre vertical lorsque la temperature a
la base du cylindre est maintenue & 0°C et la temperature au sommet varie entre 4 et 8°C. L'analyse de la
transition vers le regime convectif faiblement non linéaire montre que la bifurcation est soit supercritique
soit sous-critique selon les valeurs prises par deux parametres: le rapport d'aspect du cylindre (hau-
teur/rayon) qui varie de 2 4 4, et le paramétre de pénétration  défini comme le rapport de la hauteur totale
de fluide 4 la hauteur de I'isotherme 4°C. Pour une valeur donnée du rapport d"aspect, la bifurcation est
super-critique lorsque toute la colonne est instable (u = 1) et devient sous-critique au-dessus d’une certaine
valeur de y lorsqu’il y a pénétration (u > 1).



Transition from subcritical to supercritical bifurcation

UBERGANG VON UNTERKRITISCHER ZU UBERKRITISCHER GABELSTROMUNG
BEI DER KONVEKTION IN EINEM SENKRECHTEN ZYLINDER

Zusammenfassung—Es wird die Stabilitat einer senkrechten zylindrischen Wassersiule untersucht, deren
waagerechte untere Stirnfliche auf 0°C gehalten wird, wihrend die Temperatur der oberen Stirnfliche
zwischen 4 und 8°C variiert. Eine leicht nichtlineare analytische Untersuchung zeigt, daB die Gabelstromung
entweder iiberkritisch oder unterkritisch ist—abhingig von zwei Parametern: dem Seitenverhiltnis des
Zylinders (Héhe/Radius), das zwischen 2 und 4 liegt, und dem Eindringparameter p, der als das Verhiltnis
der gesamten Hohe zur Hohe der 4°C-Isothermen definiert ist. Fiir einen vorgegebenen Wert des Seiten-
verhiltnisses ist die Gabelstrdémung {iberkritisch, wenn die gesamte Hdhe instabil ist (u = 1), sie wird
unterkritisch oberhalb eines ganz bestimmten Wertes von y, wenn p > 1 wird.

NEPEXO[ OT JOKPUTHUYECKOH K 3AKPUTHYECKOH BEMOYPKALIMH IPH
TITPOHUKAIOMENA KOHBEKLIHH B BEPTUKAJIbBHOM HWJIMHAPE

Ammoramms—Hccnenyercs xoHBEKTHBHaS YCTONYEBOCTh BEPTHXAJIBHOTO UMIHHIAPHYECKOrO BOISHOIO
cronGa, Ha HEDKHER rpaHHUC KOTOPOTO MOAACPXEBacTcA Temnepatypa 0°C, a Ha Bepxmelt ona HaMen-
sierca oT 4 no 8°C. Ananms ¢ yweroM cnaGolt HOIMHEHHOCTH NoXa3bBacT, 9T0 OudypxanAs HauMHACTCA
6o B 3axpuTAYECKOH, TH60 B AOXpUTHYECKOf 06JIACTH B 3aBHCHMOCTH OT 3Ha4YeHHH OBYX mapamer-
POB: OTHOUICHHA BHICOTH IHJIMHOPa K €r0 PaaMyCy, HIMCHAIOUICTOCA B Mpenenax oT 2 1o 4, a Takke
napaMerpa NPOHMKHOBCHHS X, ONPCACHAMOrO Kak OTHOUICHHE BRICOTH LATMHPA K BbICOTE, Ha KOTOPO#
pacronaracTca H30TEpMa, cooTpeTcTBYiomas 4°C. [na 3afaHHOro 3HA9CHHA OTHOLUCHHA BBICOTH K
pammycy 6udypxauma HadMHaeTCA B 3aKpHTHEYECKOH 061aCTH, KOT/Ia WHAKOCTb N0 BCSH BBLICOTE TEPACT
yCTOoHIMBOCTD (4 = 1), H CTRHOBHTCA AOKPHTHIECKHM, KOT/Ia MPOHCXOAMT MPOLIECC TPOHHKHOBEHHSA BO3-
MYIICHHHA B HCIOABHXHYIO XHIXKOCTB (¢ > 1).

2623



